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We compute the electric dipole polarizability of 48Ca with an increased precision by including more
correlations than in previous studies. Employing the coupled-cluster method we go beyond singles
and doubles excitations and include leading-order three-particle-three-hole (3p-3h) excitations for
the ground state, excited states, and the similarity transformed operator. We study electromagnetic
sum rules, such as the bremsstrahlung sum rule m0 and the polarizability sum rule αD using inter-
actions from chiral effective field theory. To gauge the quality of our coupled-cluster approximations
we perform several benchmarks with the effective interaction hyperspherical harmonics approach in
4He and with self consistent Green’s function in 16O. We compute the dipole polarizability of 48Ca
employing the chiral interaction N2LOsat [Ekstro¨m et al., Phys. Rev. C 91, 051301 (2015)] and the
1.8/2.0 (EM) [Hebeler et al., Phys. Rev. C 83, 031301 (2011)]. We find that the effect of 3p-3h ex-
citations in the ground state is small for 1.8/2.0 (EM) but non-negligible for N2LOsat. The addition
of these new correlations allows us to improve the precision of our 48Ca calculations and reconcile
the recently reported discrepancy between coupled-cluster results based on these interactions and
the experimentally determined αD from proton inelastic scattering in
48Ca [Birkhan et al., Phys.
Rev. Lett. 118, 252501 (2017)]. For the computation of electromagnetic and polarizability sum
rules, the inclusion of leading-order 3p-3h excitations in the ground state is important, while less so
for the excited states and the similarity-transformed dipole operator.
PACS numbers: 21.60.De, 24.10.Cn, 24.30.Cz, 25.20.-x
I. INTRODUCTION
The electric dipole polarizability αD has been mea-
sured in several nuclei [1–4], and is of key interest to the-
orists. On the one hand, mean-field calculations suggest
that αD is strongly correlated to the neutron skin, i.e. the
difference between the root-mean-square (RMS) radii of
the neutron and proton distributions [5–10], and thereby
connects nuclei and neutron stars [11]. On the other
hand, computations of 48Ca by Hagen et al. [12] based
on Hamiltonians from chiral effective field theory [13, 14]
exhibit no correlations between the neutron skin and αD,
but do correlate the latter with both the RMS radius of
the neutron distribution and the symmetry energy (and
its slope) in nuclear matter, again providing a connection
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between neutron-star physics and finite nuclei [15, 16].
The prediction [12] and measurement [4] of the dipole po-
larizability in 48Ca agree within uncertainties, but theory
somewhat overestimates the experimental data for some
interactions. This motivates us to revisit this nucleus in
this work, with an emphasis on computing αD more pre-
cisely by going to the next level of approximation and
include more many-body correlations.
We note that the study of the role of many-body cor-
relations, while performed here with the coupled-cluster
method [17–23], is relevant also for other methods such as
self consistent Green’s functions [24], in-medium similar-
ity renormalization group [25, 26], and Gorkov-Green’s
function approaches [27]. All these methods seek eco-
nomical ways to include the necessary particle-hole cor-
relations required to achieve a precise calculation of en-
ergies and observables of ground- and excited states [28–
30]. Thus, we expect that our results will also be useful
for those applications.
In the last decade, major advancements have been
made in first principles approaches to nuclear struc-
ture [23, 26, 31–35]. Realistic descriptions of nuclei as
heavy as 78Ni and 100Sn have recently been achieved
based on state-of-the-art nucleon-nucleon (NN) and
three-nucleon forces (3NFs) from chiral effective field the-
ory [36–38]. This advancement is based on the com-
bination of first principles methods that scale polyno-
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2mial with system size [19, 20, 24, 25, 39–45], an ever-
increasing computational power following Moore’s law,
insights from the renormalization group and effective
field theory [46, 47], and progress with nuclear forces [48–
51].
Electromagnetic reactions are a crucial tool to investi-
gate nuclear dynamics [52–55], see Ref. [56] for a recent
review. Due to the perturbative nature of the process,
one can clearly separate the role of the known electro-
magnetic probe from the less well known nuclear dynam-
ics. Through a comparison of experimental data with
theory one is then able to assess the precision and accu-
racy of the employed nuclear interactions and associated
current operators. Photo reactions on heavier nuclei can
be computed by the combination of the Lorentz integral
transform [57] and the coupled-cluster method [58–60],
and by alternative means [30, 61–64].
A key ingredient to study electromagnetic reactions,
such as photo-dissociation or electron scattering, is the
nuclear response function, defined as
R(ω, q) ≡∑
µ
∣⟨Ψµ∣Θˆ(q)∣Ψ0⟩∣2 δ (Eµ −E0 − ω) . (1)
Here ω is the transferred energy, while Θˆ(q) is the elec-
tromagnetic operator. It depends on the momentum-
transfer q of the considered probe. The nuclear response
function is a dynamical observables and requires knowl-
edge of the ground state ∣Ψ0⟩ and all excited states ∣Ψµ⟩
with corresponding energies E0 and Eµ, respectively. As
most of the excited states are in the continuum, the sum
in Eq. (1) really becomes an integral, and this makes the
direct computation of the response function a formidable
task.
Instead, it is often easier to compute sum rules of such
response functions, i.e. moments of the response intended
as a distribution function and defined as
mn(q) ≡ ∫ ∞
0
dω ωnR(ω, q). (2)
Here, n is typically an integer. Employing the closure
relation, we rewrite Eq. (2) as a ground-state expectation
value
mn = ⟨Ψ0∣Θˆ†(Hˆ −E0)nΘˆ∣Ψ0⟩ . (3)
In practice, one often inserts completeness relations on
the right of Θˆ† and on the left of Θˆ, truncates the em-
ployed Hilbert spaces, and then increases the number of
states until convergence is obtained.
While knowing the response function is equivalent to
knowing all of its (existing) moments, already from a few
moments one can gain useful insights into the dynamics
of the nucleus. In this paper we will take this approach
and focus on a few well known sum rules, namely the
bremsstrahlung sum rule m0 and the polarizability sum
rule αD ∝ m−1 [see Eq. (6) below]. We calculate these
observables within coupled-cluster theory using various
approximation levels, and infer information on the nu-
clear dynamics from a comparison to other available the-
oretical computations and/or experimental data.
In the long wave-length approximation, i.e., in the limit
of q → 0, the electric dipole operator reads
Θˆ = A∑
k
(rk −Rcm)(1 + τ3k
2
) . (4)
Here rk and Rcm are the coordinates of the k-th nucleon
and the center of mass of the nucleus, respectively, and
τ3k is the third component of the isospin operator. As
an example, the photo-disintegration cross section of a
nucleus below the pion production threshold becomes
σγ(ω) = 4pi2αωR(ω) . (5)
Here R(ω) is the response function (1) of the translation-
ally invariant dipole operator (4) for ω = ∣q∣. Employing
an NN interaction from chiral effective field theory [65]
this reaction cross section was calculated in Refs. [58, 59]
using coupled-cluster theory with singles and doubles ex-
citations (CCSD). While those calculations agreed with
experimental data for 4He, 16−22O and 40Ca, they lacked
a better understanding of uncertainties related to the
underlying Hamiltonian and the applied many-body ap-
proach.
The computation of a cross section or related sum
rule exhibits various theoretical uncertainties. Often, the
largest uncertainty results from truncations of the em-
ployed chiral effective field theory at some given order
in the power counting, whereas statistical uncertainties
due to the optimization of the interaction are signifi-
cantly smaller [50, 66, 67]. While a robust quantifica-
tion of systematic uncertainties related to the employed
chiral interactions is still lacking, a rough estimate can
be made by employing a large set of different chiral in-
teractions [36, 48, 60, 68, 69]. Uncertainties from finite
harmonic-oscillator basis can be estimated by varying the
number of oscillator shells (Nmax) and the oscillator fre-
quency (h̵Ω). We found that this uncertainty is of the
order of 1% for calculations in nuclei with mass num-
ber up to A = 48 [60]. Another source of uncertainty in
the coupled-cluster method comes from truncating the
cluster operator at some low-order particle-hole excita-
tion rank. Previous works employed the CCSD approx-
imation, and neglected higher order excitations, such as
3p-3h excitations. It is the purpose of this paper to in-
vestigate the role of leading-order 3p-3h excitations in
the ground state, excited states, and the similarity trans-
formed operator in the calculation of the bremsstrahlung
sum rule m0 [70–73] and on the electric dipole polariz-
ability sum rule αD [74].
The electric dipole polarizability is related to the in-
verse energy weighted sum rule m−1 as
αD = 2α∫ ∞
ωex
dω
R(ω)
ω
= 2α m−1. (6)
3Due to the inverse energy weight, this sum rule is more
sensitive to the low-energy part of the excitation spec-
trum.
This paper is organized as follows. In Section II we
introduce the formalism used to calculate the response
functions, and the sum rules m0 and αD. We also present
the nomenclature used for the various approximation
schemes that we implemented in this work. In Section III
we present benchmarking results for m0 and αD in
4He
and 16O to validate our approach. In Section IV, we re-
visit our 48Ca calculations and compare them with the
recent experimental data of Ref. [4]. Finally, we draw
our conclusions in Section V.
II. THEORETICAL METHODS
Coupled-cluster theory [17, 19, 20, 22, 23, 40, 75–77]
is based on the similarity transformed Hamiltonian,
HN = e−THNeT , T = T1 + T2 + T3 . . . . (7)
Here HN is normal-ordered with respect to a single-
reference state ∣Φ0⟩ (usually the Hartree-Fock state), and
T is an expansion in particle-hole excitations with re-
spect to this reference. The similarity transformation
decouples all particle-hole excitations from the ground
state, and the reference state ∣Φ0⟩ becomes the exact
ground state of HN . In practice, the operator T is trun-
cated at some low rank particle-hole excitation level. The
similarity transformed Hamiltonian can be evaluated us-
ing the Baker-Campbell-Hausdorff expansion, and ter-
minates exactly at quadruply nested commutators for a
normal-ordered Hamiltonian containing at most up to
two-body terms. The drawback from having an exactly
terminating commutator expansion, is that the similar-
ity transformed Hamiltonian is non-Hermitian and thus
requires the computation of both the left and right eigen-
states in order to evaluate expectation values and tran-
sitions. The left ground state is parameterized as
⟨Ψ0∣ = ⟨Φ0∣(1 +Λ), Λ = Λ1 +Λ2 +Λ3 . . . , (8)
where Λ is a sum of particle-hole de-excitation opera-
tors. The ground-state energy E0 is given by the energy-
functional
E0 = EHF + ⟨Φ0∣(1 +Λ)HN ∣Φ0⟩. (9)
Here EHF is the Hartree-Fock reference energy. The
left and right ground states are normalized according to⟨Φ0∣(1 +Λ)∣Φ0⟩ = 1.
For excited states we employ the equation-of-motion
(EOM) coupled-cluster method [78] and calculate the
right and left excited state of HN , i.e.,
HNRµ∣Φ0⟩ = EµRµ∣Φ0⟩ ,⟨Φ0∣LµHN = Eµ⟨Φ0∣Lµ . (10)
Here Rµ and Lµ are linear expansions in particle-hole
excitations with
Rµ = r0 +∑
i,a
rai aˆ
†
aaˆi + 1(2!)2 ∑i,j,a,b rabij aˆ†aaˆ†baˆj aˆi+ 1(3!)2 ∑i,j,k,a,b,c rabcijk aˆ†aaˆ†baˆ†caˆkaˆj aˆi (11)+ 1(4!)2 ∑i,j,k,l,a,b,c,d rabcdijkl aˆ†aaˆ†baˆ†caˆ†daˆlaˆkaˆj aˆi+ . . . . (12)
The expression for Lµ is equivalent. Here, aˆ
† and aˆ are
creation and annihilation operators, respectively. Indices
a, b, c, d run over unoccupied orbitals, while i, j, k, l run
over occupied orbitals. The left and right excited states
are normalized according to
⟨Φ0∣LµRµ′ ∣Φ0⟩ = δµ,µ′ . (13)
The electromagnetic transition strength from the
ground to an excited state is evaluated in coupled-cluster
theory as∣⟨Ψµ∣Θˆ∣Ψ0⟩∣2 = ⟨Ψ0∣Θˆ†∣Ψµ⟩⟨Ψµ∣Θˆ∣Ψ0⟩ = (14)= ⟨Φ0∣(1 +Λ)Θ†NRµ∣Φ0⟩⟨Φ0∣LµΘN ∣Φ0⟩ .
Here ΘN ≡ e−TΘNeT is the similarity transformed
normal-ordered operator, which in this work is taken to
be the electric dipole of Eq. (4). Because it is a one-body
operator, the Baker-Campbell-Hausdorff expansion ΘN
terminates at doubly nested commutators
ΘN = ΘN + [ΘN , T ] + 1
2
[[ΘN , T ] , T ] . (15)
Having defined the ground and excited states, we can
rewrite the response function in the coupled-cluster for-
malism starting from Eq. (1) as
R(ω) =∑
µ
⟨Φ0∣(1 +Λ)Θ†NRµ∣Φ0⟩⟨Φ0∣LµΘN ∣Φ0⟩
× δ(Eµ −E0 − ω). (16)
By integrating over the energy ω we obtain the
bremsstrahlung sum rule m0
m0 =∑
µ
⟨Φ0∣(1 +Λ)Θ†NRµ∣Φ0⟩⟨Φ0∣LµΘN ∣Φ0⟩ . (17)
Using the closure relation we obtain the equivalent ex-
pression
m0 = ⟨Φ0∣(1 +Λ)Θ†N ⋅ΘN ∣Φ0⟩ . (18)
In practice one solves for Eq. (18) by inserting a complete
set on the Fock space defined by
1=∣Φ0⟩⟨Φ0∣+∑
S
∣S⟩⟨S∣+∑
D
∣D⟩⟨D∣+∑
T
∣T ⟩⟨T ∣+∑
Q
∣Q⟩⟨Q∣+. . . .
(19)
4Here S,D,T,Q label single, double, triple, and quadruple
(and so on) excited reference states, corresponding to∑
S
∣S⟩⟨S∣ =∑
ia
∣Φai ⟩⟨Φai ∣ , (20)
∑
D
∣D⟩⟨D∣ = ∑
ijab
∣Φabij ⟩⟨Φabij ∣ ,
∑
T
∣T ⟩⟨T ∣ = ∑
ijkabc
∣Φabcijk⟩⟨Φabcijk ∣ ,
∑
Q
∣Q⟩⟨Q∣ = ∑
ijklabcd
∣Φabcdijkl ⟩⟨Φabcdijkl ∣ ,
. . . = . . . .
Here, ∣Φa1⋯ani1⋯in ⟩ = aˆ†a1⋯aˆ†an aˆin⋯aˆi1 ∣Φ0⟩ is a np-nh state.
Inserting the completeness (19) into Eq. (18) one obtains
m0 = ⟨Φ0∣(1 +Λ)Θ†N ∣Φ0⟩⟨Φ0∣ΘN ∣Φ0⟩ (21)=∑
S
⟨Φ0∣(1 +Λ)Θ†N ∣S⟩⟨S∣ΘN ∣Φ0⟩
+∑
D
⟨Φ0∣(1 +Λ)Θ†N ∣D⟩⟨D∣ΘN ∣Φ0⟩
+∑
T
⟨Φ0∣(1 +Λ)Θ†N ∣T ⟩⟨T ∣ΘN ∣Φ0⟩
+∑
Q
⟨Φ0∣(1 +Λ)Θ†N ∣Q⟩⟨Q∣ΘN ∣Φ0⟩ + . . . .
Here the first term is identically zero for non-scalar oper-
ators Θˆ, such as the electric dipole operator considered in
this work. Calculating m0 from Eq. (21) is significantly
simpler than starting from Eq. (17) since no knowledge
of the excited states of HN is required. As a proof of
principle we verified that solving Eq. (21) is equivalent
to calculating the response function and integrating in ω
using Eq. (17).
The inverse-energy-weighted-polarizability sum rule
αD of Eq. (6) can be calculated by utilizing the Lanc-
zos continued fraction method [79] as
αD = 2α ⟨Φ0∣(1 +Λ)Θ†N 1
HN −E0 ΘN ∣Φ0⟩= 2α IL(σ = 0,Γ = 0)=m0 x00 . (22)
Here IL(σ,Γ) is the Lorentz integral transform, and x00
is a continued fraction of the Lanczos coefficients. To
calculate the Lorentz integral transform [57, 58], one
needs to solve an EOM with a source term and the non-
symmetric Lanczos algorithm is implemented by con-
structing the right and left normalized pivots as (see
Ref. [79] for details)
∣Pr⟩ = ΘN ∣Φ0⟩, (23)⟨Pl∣ =m−10 ⟨Φ0∣(1 +Λ)Θ†N , (24)
respectively.
So far we have not introduced any approximations in
the coupled-cluster formulations for ground and excited
states. The most commonly used approximation for the
ground state is CCSD (i.e. T = T1+T2, and Λ = Λ1+Λ2),
which typically amounts for about 90% of the full correla-
tion energy in systems with well defined single-reference
character [21]. In the following we will denote the CCSD
approximation in short with D. We will also go beyond
the CCSD level by including leading-order 3p-3h exci-
tations using the CCSDT-1 approach [80]. CCSDT-1
is a good approximation to the full CCSDT approach
and accounts for about 99% of the correlation energy. In
brief, CCSDT-1 is an iterative approach that includes the
leading-order contribution (HNT2)C (here the index C
denotes that only connected terms contribute [81]) to the
T3 amplitudes with an energy denominator given by the
Hartree-Fock single-particle energies, while all T3 contri-
butions to the T1 and T2 amplitudes are fully included.
We will also solve for the corresponding left ground state
in the CCSDT-1 following Ref. [82]. To simplify the no-
tation, in the following we will label the CCSDT-1 ap-
proximation with T-1. The corresponding approxima-
tions we will employ for excited states given in Eq. (10)
includes up to 2p-2h in the EOM-CCSD approach, and
leading-order 3p-3h excitations in the EOM-CCSDT-1
approach [82, 83]. Because the calculation of m0 and
αD requires a particle-hole expansion of the ground state
(T and Λ) and one for excited states [Rµ and Lµ for αD
or Eq. (21) for m0], we need to label both of them ap-
propriately. In this work we will investigate different ap-
proximation levels in both the ground and excited states.
In order to keep the notation concise we therefore denote
each scheme with a pair of labels (separated by a ‘/’ sym-
bol), with the largest order of correlation included in the
ground state on the left, and the largest order of correla-
tion included in the excited states on the right as shown
in Table I. In the previous work on dipole strengths and
polarizabilities [4, 58–60, 79] both ground and excited
states were approximated at the CCSD level, an approx-
imation we label by D/D in this work.
TABLE I. List of labels to denote the various coupled-cluster
expansions used for the ground state (left of ‘/’) and for the
excited states (right of ‘/’). The symbol (S for singles, D for
doubles, T for triples and T-1 for linearized triples) represents
the highest order of correlation considered (with all lower or-
ders always fully included).
ground state EOM label
D S D/S
D D D/D
T-1 S T-1/S
T-1 D T-1/D
T-1 T-1 T-1/T-1
Examining the similarity transformed one-body oper-
ator ΘN of Eq. (15) reveals that for T = T1 + T2, the
expansions of Eqs. (21) and (22) terminate at triply ex-
cited determinants (∣T ⟩). If one includes T = T1 +T2 +T3
5the expansions terminate at quadruply excited determi-
nants. Thus, the inclusion of 3p-3h excitations in the
ground and excited states requires the implementation
of a number of new coupled-cluster diagrams. As usual,
we checked such diagrams by comparing the j-coupling
and m-coupling schemes (see, e.g., Ref. [84]).
III. VALIDATION AND BENCHMARKING
For a validation of our approach, we benchmark our re-
sults on 4He and 16O. In all the results presented in this
Section, 4He is calculated with the the chiral NN inter-
action at next-to-next-to-next-to-leading order (N3LO)
from Ref. [65], and 16O is calculated using the N2LOsat
interaction [48], respectively. The choice of interaction
for 4He is motivated by the fact that we want to bench-
mark the various approximation schemes against virtu-
ally exact results from the effective hyperspherical har-
monics approach [85], which cannot easily employ the
N2LOsat due to the non-locality of the 3NF. For
16O, the
inclusion of 3NFs is necessary for a realistic description
of the charge radius and observables correlated with it,
such as m0 and αD[4, 60, 79]. This makes the interaction
N2LOsat a good choice. Using this interaction also allows
us to benchmark with self consistent Green’s function re-
sults [30].
We first explore how the similarity-transformed transi-
tion operator depends on the truncation level of included
triples excitations. Then we compute the m0 sum rule
and the dipole polarizability for 4He and 16O. For 16O
we also show a comparison of running sum rules and dis-
cretized responses, which allow us to monitor how excited
states move as a function of energy for the various ap-
proximation schemes.
A. The similarity transformed transition operator
In the T-1/S, T-1/D, and T-1/T-1 approaches, T3
contributions are included in the one- and two-body
parts of the similarity transformed Hamiltonian, while
three-body parts from T3 are only included via (FNT3)C
(here FN is the normal ordered one-body Fock matrix).
By treating the similarity transformation of a normal-
ordered one-body operator ΘˆN consistently with the
similarity-transformed Hamiltonian, one has
ΘN = [ΘNeT1+T2+T3]C == ΘDN + [ΘN(T 222 + T3 + T1T3)]
C
(25)
≃ ΘDN + [ΘN (T 222 )]
C
(26)
≃ ΘDN , (27)
where the C index again denotes connected diagrams [81]
and Θ
D
N is the similarity-transformed operator in the D
approximation. Due to the hierarchy among correlations,
one can expect that the terms in Eq. (25) that contain
T3 are sub-leading with respect to the T
2
2 term. These
terms are also computationally much more demanding
since they involve calculating and storing T3 configura-
tions (see Ref. [84] for full expressions). Thus, it is con-
venient to explore their relevance with respect to using
Eq. (26), or even just using Eq. (27), where the operator
is similarity transformed as in the D approximation.
In this paper we compute observables by including 3p-
3h excitations in the ground and excited states as well as
in the similarity transformed operator, and benchmark
the various approximations for ΘN in
4He and 16O, as
shown in Table II. We see that for both m0 and αD,
the additional terms in Eqs. (25) and (26) have a neg-
ligible contribution with respect to Eq. (27), amounting
to a sub-percent effect of about 0.2 and 0.7%, respec-
tively. This finding is important in the light of perform-
ing computations of heavy nuclei, where calculations with
Eq. (27) are more tractable, while using Eq. (25) would
be substantially more computationally demanding. Con-
sequently, when calculating 48Ca in Section IV, we will
use Eq. (27).
TABLE II. Effect of contributions of 3p-3h correlations in a T-
1/T-1 computation, when ΘN is truncated as in Eqs. (25) or
(26), with respect to the full expression of Eq. (27). Both m0
and αD are computed with (a) h̵Ω = 26 MeV and Nmax = 14
and (b) h̵Ω = 22 MeV, Nmax = 12 and EF3max = 14.
4He(a) 16O(b) scheme
m0[fm2] 0.9510.950
0.949
4.87
4.92
4.90
Eq. (25)
Eq. (26)
Eq. (27)
αD[fm3] 0.08160.0808
0.0811
0.523
0.528
0.527
Eq. (25)
Eq. (26)
Eq. (27)
Note that when using Eq. (27) in the calculation of
m0 in the T-1/T-1 approximation, 3p-3h excitations en-
ter only in the ground state [see Eq. (18)], and therefore
this corresponds to the T-1/D approximation. On the
contrary, triples would enter both in the ground and ex-
cited states in a calculation of αD, for which T-1/T-1
and T-1/D are different.
B. 4He
We now focus on 4He and explore the convergence in
terms of the model space size Nmax for two approxima-
tion schemes that includes 3p-3h excitations, namely T-
1/T-1 and T-1/D, and compare it to the D/D approxi-
mation.
Fig. 1 shows the convergence of m0 and αD in
4He with
respect to Nmax for h̵Ω = 26 MeV. Calculations in the T-
61/T-1 and T-1/D scheme were performed with Eq. (26)
and Eq. (27), respectively. The convergence with respect
to Nmax is of similar quality both for m0 (a) and αD (b).
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FIG. 1. (Color online) Convergence of m0 (a) and αD (b)
for 4He with respect to the model-space size Nmax for h̵Ω =
26 MeV. Two triples approximations schemes T-1/T-1 (green
diamonds) and T-1/D (red circles) are compared to the D/D
case (blue squares). The similarity transformed operator is
implemented with Eq. (26) and (27), in T-1/T-1 and T-1/D,
respectively.
We see that for m0, the results obtained within the
T-1/D approximation are close to those obtained in T-
1/T-1 approximation. The slight difference stems from
the fact that the T-1/T-1 calculations are performed with
the similarity transformed operator given in Eq. (26),
while T-1/D results are obtained with Eq. (27). We im-
plement these two different equations to graphically show
that our findings presented in Table II are consistent in
various model spaces and approximations. For αD we
observe a slightly larger difference between the T-1/T-1
and T-1/D approximations, due to the fact that 3p-3h
excitations enter in the calculations of excited states as
well. Overall, the effects of 3p-3h excitations in 4He are
small, amounting to about 1.5%.
It is now interesting to compare the various coupled-
cluster results with respect to the hyperspherical har-
monics benchmark values [58, 85] for 4He. Figure 2 shows
m0 (a) and αD (b) obtained for various approximations
in coupled-cluster theory: D/D (blue/left), the T-1/D
(red/central) and the T-1/T-1 (green/right). The widths
of the bands reflect the residual h̵Ω dependence for the
largest model space Nmax = 14. The black line is the vir-
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FIG. 2. (Color online) Comparison of m0 (a) and αD (b) in
the D/D (blue/left), the T-1/D (red/central) and the T-1/T-1
(green/right) approximations against hyperspherical harmon-
ics results (black line) in 4He.
tually exact calculation from hyperspherical harmonics
expansions using the same interaction. The D/D calcu-
lations already get close to the hyperspherical harmon-
ics result, and the addition of 3p-3h correlations in both
the T-1/D and T-1/T-1 approaches further improves the
agreement for m0. For αD the T-1/D calculation agrees
better with the hyperspherical harmonics result than the
T-1/T-1 approach. The overall effect of 3p-3h excitations
is small. This benchmark with hyperspherical harmon-
ics suggests that the T-1/D scheme is to be preferred for
electromagnetic and polarizability sum rules, and that
the inclusion of 3p-3h correlations in the ground state
plays a more significant role than the corresponding one
in the excited states.
C. 16O
Let us turn to 16O. First, we check the convergence of
the m0 sum rule with respect to the number of 3p-3h con-
figurations included in our calculations. Going beyond
the D/D approximation and including 3p-3h excitations
in the T-1/S, T-1/D, and T-1/T-1 approaches, the com-
putational cost grows significantly both in terms of num-
ber of computational cycles and memory associated with
storage of the amplitudes. The computational cost asso-
ciated with the most expensive term in the D/D approxi-
mation is given by n2on
4
u, while in the T-1/S, T-1/D, and
T-1/T-1 approaches it is n3on
4
u. Here no is the number
of occupied orbitals in the reference state ∣Φ0⟩ and nu is
the number of unoccupied orbitals. Clearly, the compu-
tational load grows rapidly with the mass of the nucleus
(no = A) and the model-space size (nu ∝ N3max). In or-
7der to overcome this computational hurdle in the T-1/S,
T-1/D, and T-1/T-1 approaches, we introduce an energy
cut EF3max on the allowed 3p-3h excitations. The trun-
cated space that we employ for the 3p-3h excitations are
thus given by ∣Na−NF ∣+∣Nb−NF ∣+∣Nc−NF ∣ ≤ EF3max and∣Ni−NF ∣+ ∣Nj−NF ∣+ ∣Nk−NF ∣ ≤ EF3max with Np = 2np+lp
being the harmonic-oscillator shell and NF the harmonic-
oscillator shell at the Fermi surface. The top of Fig. 3
shows the convergence with respect to EF3max for m0 in
16O. We observe that truncating EF3max to 14 yield re-
sults for 16O that are converged at the 1%-level. Unless
stated otherwise, in the remainder of this work we will
use EF3max = 14. Note that this truncation also works well
for 48Ca, as shown in the bottom part of Fig. 3.
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16O (a) and
48Ca (b) calculated in the T-1/D scheme as a function of the
number of configurations for the EF3max. The adopted model
space is Nmax = 12. Each point corresponds to a jump of one
unit (two units) in EF3max for
16) (40Ca) and selected values
of EF3max are highlighted along the curves.
In Fig. 4 we show results for the m0 sum rule (top)
and the dipole polarizability (bottom) of 16O at h̵Ω =
22 MeV and EF3max = 14 as a function of Nmax. For
m0, the T-1/T-1 and T-1/D calculations almost coincide,
while some difference is observed in αD. The residual
h̵Ω dependence amounts to about 1.5% in the largest
model space. While in 16O the effect of triples is slightly
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FIG. 4. (Color online) Convergence of m0 (a) and αD (b) for
16O with respect to the model-space size Nmax for h̵Ω = 22
MeV and EF3max = 14. Two triples approximations schemes T-
1/T-1 (green diamonds) and T-1/D (red circles) are compared
to the D/D case (blue squares). The similarity transformed
operator is implemented with Eq. (26) and (27), in T-1/T-1
and T-1/D, respectively.
larger than in 4He, the overall effect of 3p-3h excitations
is small and amounts to 4% and 6% for m0 and αD,
respectively. Both for m0 and αD the inclusion of 3p-3h
excitations in the T-1/T-1 and T-1/D approaches reduce
their magnitude as compared to the results obtained in
the D/D approach.
In Fig. 5 we compare m0 (a) and αD (b) for
16O ob-
tained in the D/D (blue/right) scheme with the T-1/D
(red/central) and the T-1/T-1 (green/right) approxima-
tions. The D/D value is obtained at Nmax = 14 and
h̵Ω = 22 MeV. Due to the large number of 3p-3h con-
figurations, for 16O we are able to calculate only up to
a maximum model space of Nmax = 12 and EF3max = 14
for T-1/T-1. For consistent results we adopt the same
truncation for EF3max in T-1/D. The bands in Fig. 5 are
obtained by assigning a 2% uncertainty, accounting for
the combined uncertainty from the EF3max cut and the
residual h̵Ω-dependence.
Correlations arising from 3p-3h excitations reduce the
size of these observables by a few percent, with effects
being slightly larger on αD than for m0. Similar to the
4He case, we find that results for m0 obtained in the T-
1/D and T-1/T-1 approaches almost coincide, while for
αD they slightly differ. This is expected, because m0
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FIG. 5. (Color online) Comparison of m0 (a) and αD (b) in
the D/D (blue/left), the T-1/D (red/central) and the T-1/T-
1 (green/right) approximations against the integrated exper-
imental data by Ahrens et al. [86] in 16O.
is calculated as a ground-state expectation value, while
αD also requires the solution of the excited states from
Eq. (10). We use the difference between the T-1/D and
T-1/T-1 results as an estimate of neglected higher order
correlations. This amounts to a 4% effect for αD and an
even smaller effect of 0.4% for m0.
We now confront our results with data. Figure 5 com-
pares the theoretical results with the experimental value
obtained by integrating the data from Ahrens et al. [86]
(grey bands). We see that the addition of triples leads to
a deviation of m0 and αD with respect to the experimen-
tal data, which agreed better in the D/D approximation
using the N2LOsat interaction. We note that N
2LOsat
was constrained to reproduce the charge radius of 16O
using coupled-cluster theory in the D approximation. As
shown in Refs. [12, 79], the charge radius is correlated
with αD, and it would therefore be interesting to quan-
tify the effect of 3p-3h excitations in the T-1 approach
on charge radii as well. We also note that the extrac-
tion of these sum rules from photo-absorption data may
be prone to larger systematic uncertainties than those
quoted because it is not possible to estimate the role of
multipoles beyond the dipole.
As the experimental determination of the dipole polar-
izabilty results from an integration of the dipole strength,
it is interesting to study the running of the αD sum rules
as a function of the maximum integration limit. If one
solves for the excited states in Eq. (10) using the Lanczos
technique, it is possible to define the sum rule from the
integral of the dipole response function R(ω) as
mn(ε) = ∫ ε
0
dω ωnR(ω) , (28)
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FIG. 6. (Color online) Discretized response with Γ = 0.01
MeV (a) and running sum of αD(ε) (b) for 16O with various
coupled-cluster approximations compared with experimental
results from Ahrens et al. [86].
and study its running as a function of ε. A discretized
response function can also be obtained by a calculation
of the Lorentz integral transform IL(σ,Γ) [57, 58] for a
very small width parameter Γ as (see Ref. [79] for details)
mn(ε) = lim
Γ→0∫ ε0 dσ σnIL(σ,Γ) . (29)
The discretized response consists of smeared δ peaks and
does not properly take the continuum into account. How-
ever, it will allow us to see how excited states and their
corresponding strengths change within various approxi-
mation schemes, thus affecting the running sums.
The top of Fig. 6 shows the Lorentz integral transform
calculated for Γ = 0.01 MeV using various coupled-cluster
approximations for 16O. The bottom plot shows the run-
ning of the polarizability sum rule as a function of ε.
The various approximation schemes are shown in com-
parison with experimental data (gray bands). Besides
the D/D calculation, we present three different schemes
with increasing correlation order, namely D/S, T-1/D
and T-1/T-1. We note that the D/S scheme coincides
with the T-1/D calculation, and is also very close to the
most expensive T-1/T-1 calculation, deviating from the
D/D approximation by a few percent.
In Table III we compare our results for αD with those
of Barbieri et al. [30]. We see that the results obtained
with the D/S approach agree with calculations from the
self consistent Green’s functions method that used a
9TABLE III. Comparison of coupled-cluster results with self
consistent Green’s function data from Ref. [30] in 16O using
the N2LOsat interaction.
Method αD [fm
3]
Ref. [30] 0.50
D/S 0.503
T-1/D 0.508
T-1/T-1 0.528
random phase approximation approach for the excited
states. We find that the inclusion of 3p-3h correlations in
the ground state and in the excited states decreases the
polarizability with respect to a D/D calculation, mak-
ing this more sophisticated calculation to coincidentally
agree with simpler schemes, such as the D/S approxima-
tion.
IV. ELECTRIC DIPOLE POLARIZABILITY OF
48CA
We now turn to our main goal and compute the dipole
polarizability of 48Ca. In the recent experiment using
proton inelastic scattering off a 48Ca target, the electric
dipole strength was disentangled from other multipole
contributions resulting in αD = 2.07(22) fm3 [4]. Over-
all, theory agreed with experiment, given the (still signif-
icant) systematic theoretical uncertainties as one varies
the employed interaction. However, calculations based on
interactions that reproduced the charge radius of 48Ca
yielded results for αD in the D/D approximation that
were somewhat larger than the measured value. Those
calculations were performed in the D/D approximation,
and this makes it interesting to compute αD with an
increased precision by including leading-order 3p-3h cor-
relations in the T-1 approximation.
Taking advantage of the results and benchmarks from
Section III, we revisit these calculations by using two
established interactions, namely N2LOsat and 1.8/2.0
(EM). These two interactions were also used in Refs. [4,
12]. The 1.8/2.0 (EM) potential is constructed follow-
ing Ref. [87]. It starts from the chiral NN interaction
at N3LO [65] and “softens” it with the similarity renor-
malization group [47] at a cutoff/resolution scale λSRG =
1.8 fm−1. The 3NF is taken as the leading chiral 3NF
using a non-local regulator and cutoff λ3NF = 2.0 fm−1,
with short-ranged coefficients cD and cE adjusted to
A ≤ 4 nuclei. The “1.8/2.0 (EM)” interaction reproduces
binding energies and spectra in medium-mass and heavy
nuclei [36–38], but yields too small charge radii. The
N2LOsat interaction yields radii in better agreement with
data.
Figure 7 shows the m0 sum rule (top) and the dipole
polarizability αD (bottom) obtained in the D/D and
N2LOsat 1.8/2.0(EM)
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FIG. 7. (Color online) Comparison of m0 (a) and αD (b) in
the D/D (blue/left) and the T-1/D (red/right) approxima-
tions in 48Ca. Results for the N2LOsat (leftmost bands) and
1.8/2.0 (EM) (rightmost bands) interactions are shown. For
the polarizability the results are compared against experimen-
tal data by Birkhan et al. [4].
T-1/D approaches using the N2LOsat (leftmost bands)
and 1.8/2.0 (EM) (rightmost bands) interactions, respec-
tively. The grey horizontal bands are data. For N2LOsat
we find that the addition of 3p-3h excitations in the
ground state using the T-1 approach improves the agree-
ment with the data. As calculations of excited states
in the T-1 approach are computationally demanding and
currently not feasible at sufficiently large EF3max cut, we
did not employ the T-1/T-1 approach for 48Ca. However,
based on our studies for 4He and 16O one may expect that
the T-1/D and T-1/T-1 approaches would yield similar
results.
We observe that both for m0 and αD the T-1 approx-
imation for the ground state leads to a reduction of the
strength, bringing theory in agreement with the recent
data from Birkhan et al. [4]. Remarkably, the inclusion of
leading triples corrections also reduces the Hamiltonian
model dependence, leading to a more precise calculation
of m0 and αD. The effect of the triples on αD amounts
to 15% for the N2LOsat and 6% for the 1.8/2.0 (EM)
interaction, which is consistent with the latter being a
much “softer” interaction. The triples effect on m0 is
smaller, amounting to about 5% for N2LOsat and 2% for
the 1.8/2.0 (EM) interaction. We also performed T-1 cal-
culations for the charge radius of 48Ca, and found that in-
clusion of triples excitations increases the radius by about
1% for both the 1.8/2.0 (EM) and N2LOsat interactions
as compared to the D approximation. Thus, the effect of
triples excitations on the charge radius of 48Ca is neglible,
and the results and conclusions of Ref. [48] are accurate.
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FIG. 8. (Color online) Discretized response with Γ = 0.01
MeV (a) and running sum of αD(ε) (b) for 48Ca with various
coupled-cluster approximations compared with experimental
results from Birkhan et al. [4]
Figure 8 shows the Lorentz integral transform (top)
calculated for Γ = 0.01 MeV using various coupled-cluster
approximations, and the running of the polarizability
sum rule as a function of ε (bottom). The various ap-
proximation schemes are shown in comparison with ex-
perimental data (gray bands). Besides the D/D calcula-
tion, we present three different schemes with increasing
correlation order, namely D/S, T-1/D and T-1/T-1.
Interestingly, for 48Ca we see that for the D/S approx-
imation the strength is dominated by a single state at
around 19 MeV of excitation energy, while higher-order
correlations included in D/D and T-1/D shift and frag-
ment the strength significantly. The inclusion of 3p-3h
excitations via the T-1 approach in the ground state,
makes the strength more fragmented and also increases
some of the strength at higher energy. Such fragmen-
tation combined with the inverse energy weight in the
polarizability sum rule is the mechanisms that leads to a
reduction of αD. Opposite to what was found in
16O, for
48Ca the computationally least expensive D/S approxi-
mation coincidentally agrees with D/D and not with the
computationally most expensive approximation (T-1/D
in this case).
V. CONCLUSIONS
We computed the electric dipole polarizability αD of
48Ca with an increased precision by including leading 3p-
3h correlations. Leading order 3p-3h excitations were
implemented in the CCSDT-1 approximation for the
ground state, excited states, and the similarity trans-
formed dipole operator. The effect of 3p-3h excitations
on the latter was found to be negligible. The inclusion
of 3p-3h excitations in the ground state via CCSDT-1 is
sufficient to obtain an agreement with the hyperspherical
harmonics approach for 4He to better than 1%. While
the effect of triples is quite small in 4He, it becomes larger
in 16O and 48Ca. In 16O triples excitations reduce the
size of m0 sum rule and αD by about 4-6%. In
48Ca they
reduce αD by about a 15% reduction for the N
2LOsat
interaction and by about 6% for the 1.8/2.0 (EM) inter-
action. This brings our coupled-cluster calculations in
agreement with the recent experimental result obtained
from inelastic proton scattering [4]. The effect of triples
excitations is smaller for the m0 sum rule in
48Ca, and
reduces it by about 5% and 2% for the two interactions
considered, respectively. Finally we found that the ef-
fect of triples excitations on the charge radius of 48Ca is
neglible, and increases it by about 1% for both interac-
tions considered in this work.
We note that some simpler approximations may occa-
sionally coincide with more sophisticated computations
using the CCSDT-1 method both for the ground and ex-
cited states. We conclude that the effect of 3p-3h exci-
tations in the ground state is more important than their
effect in excited states for the electromagnetic sum rules
studied in this work. The inclusion of triples excitations
in the excited states, while possible for light nuclei such as
4He and 16O, will require further developments in order
to overcome the hurdles associated with the increase in
computational cost for heavier nuclei. We expect our re-
sults also to be relevant for other many-body approaches,
such as the self consistent Green’s function and the in
medium similarity renormalization group methods.
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